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In the present work, the problem “hydrogen storage in metals™ is treated with the aid of the
so-called New Tamm-Dancoff (NTD) procedure. We employ this method in lowest approxima-
tion for the evaluation of the electronic energy difference eigenvalue between a metal crystal with
and without hydrogen centre. As an example we use Magnesium with hexagonal structure. For
this system we calculate the difference eigenvalue with dependence on the displacement of the
nearest neighbours and next nearest neighbours of the hydrogen centre, respectively. Finally we
calculate the radial electron density distribution in the environment of the proton.

1. Introduction

For the microscopic description of hydrogen stor-
age in metals a method based on “first principles”
was introduced in [1]. The possibility of dividing up
the storage into an electronic part and an elastic
part is shown there. This paper deals with the
electronic part exclusively. The elastic part is the
topic of another examination [2].

The starting point for the evaluation of the elec-
tronic part of the storage energy is the many-body
Schrodinger equation of the metal crystal disturbed
by hydrogen atoms and the corresponding equation
of the crystal without hydrogen centres, called refer-
ence system. An adiabatic decomposition of these
Schrodinger problems yields an electronic system
and a host lattice system. For the crystal with
hydrogen atoms one obtains an additional protonic
system. Our aim is to evaluate the electronic energy
difference of the metal crystal with stored hydrogen
atoms on the one hand, and the metal crystal
without hydrogen atoms on the other hand.

The topic of the paper of Wahl et al. [1] is a pro-
cedure (called New Tamm-Dancoff (NTD) proce-
dure) to determine such energy differences directly;
that means, both electronic Schrodinger problems
are united with the aid of an energy difference pro-
cedure and a following transformation yields a
“functional equation”. This functional equation has
the form of a linear eigenvalue problem with the
above mentioned energy difference as eigenvalue. In

the present paper this difference problem is solved
for a single hydrogen centre in the lowest approxi-
mation which is proposed in [1].

2. The General Conception

The starting point of our investigation is the non-
local Schrodinger equation derived in [1] for the one
centre problem in the lowest approximation. For
this relation it is necessary to introduce some nota-
tions.

The coordinates are described in the following
way:

X, 2 electron coordinates,

Y proton coordinates,

X =X, ; coordinates of the host lattice disturbed by
stored hydrogen atoms.

Then
Vo (6, X) =2 V (X~ X)) 2.1)
is the crystal potential, and
5
Vale, ¥y=———e (2.2)
x—-Y

represents the potential of the hydrogen proton. In
the following, the deformed metal crystal without
hydrogen centres is denoted as reference system.
The Hartree-Fock (HF) wavefunctions ¢;(x)
(j=1,...,N) of the N metal electrons of this refer-
ence system suggest the definitions:

N
So(x,x) =D ¢;(x) - o (x),

2.3
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So(x,x’) and S;(x,x’) are orthogonal projection
operators

J Si(x,2) §;(2,x) &z = Si(x,x) §;,
Si(x,x') = St (x,x') = S} (', x) ,

which split up the momentum space in occupied
states (Sy) and unoccupied states (S;):

(2.5)

i,j€{0,1}, (2.6)

So(x,x") + S)(x,x)=0d(x—x'). (2.7)
By means of S;(x,x’) the HF-operator D (x,x’, X)
of the metal electrons of the reference system may
be described in the following way:

h?
D(x,x',X)=|——4+ Vy(x,X) (2.8)
2m
S N’ ’” A S . ’
+2ezj-d3.\'"70(x J:) O(x—x’)—ez—O(xx,).
x x—x

h(z) denotes the wavefunction of the additional
hydrogen electron, while w (X, Y) denotes the elec-
tronic energy difference eigenvalue between the
host crystal with stored hydrogen centres and the
reference system. As shown in [1], /2 (z) satisfies the
non-local Schrodinger equation

S, (z‘x) [D (x,x', X) + Vg (x, ¥) 6 (x—x')]
1 (x,2) h(2)

[U)(X Y)=—Tr(Vyg(xY) Sy(x,x)] h(z). (2.9)

In the sense of an extended Einstein convention
multiple arguments must be integrated.
The term

2
Tr(Vy(x,Y) So(x,x)) Zf-SO(xx)

(2.10)
is constant with respect to the electron and host
lattice coordinates.

The energy difference of the additional electron
in the field of the screened proton and the screened
host lattice on the one hand and the reference
system on the other is

JXY) =0 X Y) = Tr(K(x,Y) So(x,x) . (2.11)

Because the HF-solutions ¢;(x) (2.3) of a distorted
lattice are not known, the Bloch functions by , (x) of
the ideal lattice are used as an approximation:
SO(x-x,) X Z bk,n (x) b;:.n(xl) C
k.n

occ.

(2.12)
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Starting with this approximation it is advantageous
to incorporate the crystal potential of the ideal host
lattice

WxX)=2 Vix-X3) (2.13)
in the HF-operator (2.8) formally: (2.14)
D (x,x",X) =D (x,x’, X% + Viy (x, X) — V& (x, X°) .

This results in the HF-operator D (x,x’, X°) of the
ideal crystal and a difference potential

Vs (x) = Vay (x, X) — V& (x, X0) . (2.15)

Multiplication of (2.9) from the left with S} and use
of the relation

Si(z.x") D (x,x, X% =D (z,x', X% S, (x',x), (2.16)

which is easily verified, yields the effective one-
particle equation for the hydrogen electron

D (2,%, X% ¢(x) + S, (z,%) Vp (x) ¢ (x)
+Sl(z.

(2.17)

x) a(x) p(x) =2 (X,Y) 0(2).

In (2.17) we have introduced the abbreviation
9(2) =S51(2,2) h(Z).

Ignoring the exchange interaction yields an addi-
tional simplification of (2.17). D (x,x’, X?) is there-
fore reduced to a Hartree operator

(2.18)

fZ
DH(z,x,X%) = —%ma + 1 (x. X0 (2.19)

oSl
x

d3x”|6(z—x).

Finally, the one-particle equation must be solved:
DH(z2,x, X% ¢ (x) + S, (z,x) Vb (x) ¢ (x) (2.20)
+ Sl (z’x) VH (xa Y) (ﬂ(x) =4 (X’ Y) (/)(z) .

Besides the term DY, the screened difference poten-
tial S;Vp as well as the screened proton potential
are important.

3. The Algebraic Problem and its Solution

In the following discussion we refer to the hex-
agonal lattice-structure. The Magnesium crystal is
close to this lattice type (c/a=1]/8/3=1.633, c/ayg=
1.623). The interstitial lattice positions are of tetra-
hedron and octahedron structure, respectively. For
energetical reasons the tetrahedron structure is pre-
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ferred. Therefore, we assume tetrahedron positions
for the protons in our model.

Furthermore we are treating a metal crystal with
a very low hydrogen concentration (z-phase) so that
we may ignore any interaction between the hydro-
gen centres, i.e. for our model it is sufficient to
study one single hydrogen atom. As the origin of the
coordinate system we take the centre of the tetra-
hedron.

Assuming the localization of the electron at the
centre, the function ¢ may be expanded with respect
to hydrogen wave functions

© ! ©
w(z)=lz_i Y, Y bys¥(Q) xu®.

0 m=—1I n=I/+1

(3.1)

We may ignore the spin coordinates, because in
(2.20) no spin-spin interaction is included.

~ An approximation of the Bloch functions by
means of plane waves and a transition from the
k-summation to a k-integration, (2.12), yields
So(z,x) =

—— [0 (kg— k) @0 A3 ,

3
(2 & 3.2)

Si(z,x)= JO(k|—kg)e*E=0d% .

2 7t)3

The addition and subtraction of a Coulomb term
Vi (z) = — €*/z for the additional electron and ap-
plication of relation (2.7) leads to

_f2
{z—;;" o VH<z)} (D) + V(2. Y) = Va(2)} 0(2)

+ 8o (2. %) Vu(x, Y) p(x)

S,
{ V(z,X)+2 ZJ—O(T) "t 0(2)
+15(2) 9(2) — So(2,%) Vb (x) 0 (x)
=X, Y)0(z). (3.3)

The first term describes a pure hydrogen problem.

Inserting (3.1) and (3.2) in (3.3), a following
multiplication with hydrogen wavefunctions from
the left results in the algebraic system of equations
(in atomic units, Einstein convention)

1
nim
- ? b/gngmz +C U(Y)I;n;m; bllnlml
linym § lLnym
£ CA/zln;m; ( Y) b/mlml =& Gl;n;m; blxnlm‘
nym /
+D Ul;n;m; (X) bllnlml i DAI;::;;:; b11n1m1

=A(X.Y) by, - (3.4)
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The abbreviations and their meanings are in detail:

L(X)Y)
Ey

A(X,Y)= (3.5)

with the Rydberg energy Ey= 13.6 eV,
CU(Pimm

1 1
=_2jd351n212(:) :2(

v T) Ity (2)

YR Q) YR, (3.6)

In case the proton is situated in the centre of the
tetrahedron (Y =0), this term is reduced to zero.
The influence of the shifting of the proton is de-
scribed by this term.

CA(Y)/;:;::;
(2 )3 .‘d} jd3Y§d3k O (kg— | k) oik(z=x)
S |x—Y| Zrsts (2) 22 s ()
V@) YR o

This equation represents the effect of the screening
of the electron-proton interaction.

Ghmm = [ 82 4 (2) Lngty (2) 2% A (2)

Y@ YR, (3.8)
with 4 (z) = ELA (z) and
A(2) =1 (. X)+2 2]—“—:2d.ﬂ. (3.9)

Iynymy

A(z) and the corresponding matrix element Gy
describe the interaction of the additional electron
with the ideal lattice and the valence electrons re-
spectively.

Inserting Sy (y,)) (3.2) we get

€; 0°
A(Z)=—-e(§‘i —X,?,”+§)1z—y‘d3y (3.10)
with
é’,’k?:
¢=— 3.11
0 P (3.11)

0¢ is the electronic charge density and e; the valence
charge of the host lattice atoms. The following dis-
cussion is analogous to Haug [3]. For one unit cell in
the i-th sublattice the electronic charge density o° is
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defined

. 0¢ x € of the unit cell indexed with m and i
Om,i = .
0 otherwise.

If the positive charge of the ions is taken into
account, this leads to a zero net charge. With the
substitutions

X%, =m+z; (3.12)
and

y=m+7z;+s (3.13)
bt (3.14)

A(z)=—e2(' < o &s).

m,i —m-—7Z; Q T—m—23,—S§

Because there is no net charge in the unit cell a
Fourier-transformation leads to

(3.15)

The convergence behaviour of this term is very bad.
This causes no difficulties, because we are inter-
ested only in the term (3.8) which contains 4 (z) in
an implicit manner. Based on the product of radial
hydrogen wavefunctions, the convergence behaviour
1s better.

D UM (X) = — 4 [ d32 1y, (2) 2% Vo (2) omaty (2)
VPN YR, (3.16)

D Afmm (X) (3.17)

lonomy
4
Qny’

- @3 Y (2) g (%) YIHR,) Y(Q,) .

[d3z[d3x [d*k O (kg— k) Fughy (2) 22

D Ujmm is the matrix element of the pure differ-
ence potential and D 427 is the matrix element of
the screening of the difference potential.

In the following, only the nearest neighbours and
next nearest neighbours are considered. That leads to

o (x) = X (V(x—Xpi) = V(x—X3.))

13

s ‘ZO (V(x—X;)—V(x—-X). (3.18)
Assuming a ra(/iial displacement, the coordinates of
the host lattice atoms are
k €[0,1]:
jel[0,3], k=0;
je4,13], k=1.

.X/"'=/\’]°k+skej. (3.19)

Electronic Structure of a Single Hydrogen Centre in Mg Crystals

The displacements s, are considerably smaller than
the distance hydrogen centre — host lattice atom.
Therefore, a Taylor expansion is feasible which is
broken off after the first term.

oV(x—X—spe)
aSO

3
b (x) =2, 5
=0

So=

) ® (3.20)
B 'Z ‘. oV(x—X)—s,e)
j=4 Os)

The following abbreviations are introduced for the
terms of the difference potential describing the next
neighbours:

[
dulinsm; (s0)

51=0

oV (x—X)—sye)
aSO

3
=—4 [d2 yuy,(2) 22
Jj=0
: lnll,(z) Y[’:s (2.) Y;;"(Q_.) :
da lllzlgmé (S0)
4 2 '
=GP Zofdaz Jd3x [ d%k O (kp—| k) yu,(2) 22
=
630
YEHQ) YR

so=0

(3.21)

' eik(z_n Xnily (X)
0

So=

(3.22)

dulpmm is the matrix element of the difference
potential involving next neighbours. The depen-
dence on the equilibrium positions x can be trans-
formed into a dependence on the displacement s,
with respect to the ideal lattice.

Then da1/727 (so) describes the influence of the
screening on the difference potential.

For the next nearest neighbours, the summation j
runs from 4 to 13. The corresponding terms are ab-
breviated with du 2/ (s,) and da2/mmi(s)), re-
spectively. s, is the displacement of the next nearest
neighbours from their ideal lattice points.

With these abbreviations we obtain the algebraic
equation

1
i
- P blzﬂz'VIQ +CU ( Y)/Q:Qmi bllnlml

hnym hnim
£ CA/;,,;,"; ( Y) bllnlml + G/gln;m; b/,n,ml
linym hLhnym
+ So du ll;n;m; (50) bl;n,ml b So da llzlnglm; (50) bllnlml
hnym lhnym
+ 51 du 2nymy (51) Blimym, + 51da 2n0m3 (51) biinym,

=/1(X50,51)b/2,,2m2. (323)
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Ns,) [Ryd]

O—<
] sy =+.025
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=054 5, =0
s,=-.01
SI:—4025
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-.20 =7 T
0 .05 10 s.[a,)
Fig. 1. The dependence of the energy difference eigen-

value A4 from the displacements s, of the next neighbours,
for various values of the displacements s; of the next
nearest neighbours.
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0

S

The dependence of the energy difference eigenvalue °

A on the host lattice coordinates is transformed into
a dependence on the displacements sy and s .

The solution of the difference problem (3.23) is
illustrated in the Figs. 1 to 3*. All figures are based
on the assumption that the proton is located in the

0

centre of the tetrahedron (¥ = 0). In the diagrams 1 °

and 2 a plot of the electronic energy difference

eigenvalue 4 (¥, s, 5;) is given. In the evaluation we <

have as parameters the radial displacement of the
next neighbours and next nearest neighbours, re-
spectively. Positive values of 55 and s, belong to dis-
placements which point away from the hydrogen
centre. Analogously, the negative displacements
point from the ideal lattice site to the hydrogen
centre.

* For details concerning the calculations see [4].

o

SO
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Figure 1 shows the dependence of A (¥, sg,5,) on
so. The displacements s; of the next nearest neigh-
bours are fixed.

In Fig. 2 the roles of sy and s, are exchanged.
Now A (Y, sy,s;) is dependent on s; while s, is fixed.
From these figures one can infer that, as the dis-
placements s, and s; grow larger, the electronic
bonding becomes weaker. Conversely, as so and s,
grow in the opposite direction, the bonding be-
comes stronger.

In Fig. 3 we can see a typical behaviour of the
radial electron density distribution in the surround-
ings of the hydrogen centre.

As,) [Ryd]
L -.07
L _.08
L _.09
=.100
=.095 |
L -.10
=.090 I
=.085
r
L =]
=.080 r
%
=.075 i
S.|a
' 2] . ! )
-.03 -.02 -.01 0

Fig. 2. The dependence of the energy difference eigen-
value A from the displacements s; of the next nearest
neighbours, for various values of the displacements s, of
the next neighbours.
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Fig. 3. The typical behaviour of the radial electron density
distribution 1n the surroundings of the hydrogen center for
two special values of the displacements of the next and
next nearest neighbours.
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The new equilibrium positions of the lattice ions
can be calculated with the aid of a force equation.
In this equation, the electronic influence (included
in 4 (Y, s9,5,) and the elastic influence are of signifi-
cance. The evaluation of these equilibrium positions
and the corresponding volume extension are carried
through by Bratschek et al. [2]. Thereby our results
of A(Y,s0,s,) are employed. The new equilibrium
positions are gained through a displacement of the
next neighbours in a direction away from the hydro-
gen proton (so > 0). The next nearest neighbours are
shifted to the hydrogen centre (s; <0). In this way,
only the relevant regions of sy and s, are considered
in Figs. 1 and 2.

The influence of a higher approximation in this
formalism will be dealt with in a subsequent paper.

The authors are highly indebted to Prof. F. Wahl
for many fruitful discussions on the subject, and a
good and friendly collaboration.

[4] R. Duscher, Ein Wasserstoffzentrum im Metallkristall,
Diplomarbeit, Tiibingen 1981.
J. Maichle. Elektronen- und Gitterstruktur eines Was-
serstoffzentrums 1m hexagonalen Metallkristall, Di-
plomarbeit, Tiibingen 1983.



